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Abstract
We provide sharp regularity results for thermoelastic plate-like systems under the action of an interior
point control exercised in the Kirchhoff-type mechanical equation, in the case of hinged/Dirichlet boundary
conditions (B.C.).
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1. A canonical thermoelastic point control problem with hinged/Dirichlet B.C. Optimal
regularity
Let Ω be an open bounded domain of Rn, n = 1,2,3, with sufficiently smooth boundary Γ
for n = 2,3. On Ω we consider the following thermoelastic mixed problem in the unknown
{w(t, x), θ(t, x)}:
⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩
wtt − γwtt + 2w + θ = δu in (0, T ] × Ω ≡ Q; (1.1a)
θt − θ − wt = 0 in Q; (1.1b)
w(0, ·) = w0; wt(0, ·) = w1; θ(0, ·) = θ0 in Ω; (1.1c)
w|Σ ≡ 0; w|Σ ≡ 0; θ |Σ ≡ 0 on (0, T ] × Γ ≡ Σ, (1.1d)
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u ∈ L2(0, T ). In (1.1a) the constant γ is taken to be positive: γ > 0 throughout the paper. In this
case, the free system (u ≡ 0) generates an s.c. thermoelastic contraction semigroup which ad-
mits the following structural decomposition: at each time t > 0, it is the sum of an s.c. uniformly
(exponentially) stable group, based only on the mechanical variables {w,wt }, plus a compact op-
erator. See [8, Theorem 1.2.2, Section 4.1] for far more general results on this structural property.
In this sense, we can label such s.c. thermoelastic semigroup (with γ > 0 and u ≡ 0) as being
hyperbolic-dominated. Moreover, δ is the Dirac distribution concentrated at the origin which,
without loss of generality, is assumed to be an interior point of Ω . Thus, with γ > 0, the elastic
equation in w in (1.1a) is the hyperbolic Kirchhoff equation with finite speed of propagation
(hyperbolic-like). If dimΩ = 1,2, then problem (1.1) models a thermoelastic rod, respectively,
plate with hinged mechanical B.C./Dirichlet thermal B.C.: γ is proportional to the square of
the thickness of the plate. The elastic model with γ > 0 accounts for rotational forces (inertia).
See [4]. Our goal here is to study the regularity of the mixed problem (1.1) due to the point
control term u ∈ L2(0, T ) acting in the mechanical equation. [The regularity due to the initial
conditions {w0,w1, θ0} is, instead, an immediate consequence of the semigroup generation re-
sult, Proposition 1.2, given below.] To this end, we introduce the following positive self-adjoint
operator A (norm equivalence):
Af = −f, D(A) = H 2(Ω) ∩ H 10 (Ω), D
(A 12 )= H 10 (Ω). (1.2)
We use freely the Sobolev spaces Hs(Ω), Hs0 (Ω), H
s
00(Ω) from [6].
Direct result. We can now state the main result for (1.1).
Theorem 1.1. With reference to problem (1.1) with γ > 0 and zero initial conditions: w0 = w1 =
θ0 = 0, we have the following regularity result. Let
u ∈ L2(0, T ). (1.3)
Then, continuously,
(i) for n = dimΩ = 3,⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩
w ∈ C([0, T ];D(A) = [H 2(Ω) ∩ H 10 (Ω)]); (1.4a)
wt ∈ C
([0, T ];D(A 12 )= H 10 (Ω)); (1.4b)
θ ∈ C([0, T ];D(A 12 )= H 10 (Ω)); (1.4c)
wtt ∈ L2
(
0, T ;L2(Ω)
); (1.4d)
(ii) for n = dimΩ = 2,⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩
w ∈ C([0, T ];D(A 54 )); (1.5a)
wt ∈ C
([0, T ];D(A 34 )= H 320 (Ω)); (1.5b)
θ ∈ C([0, T ];D(A 34 )); (1.5c)
wtt ∈ L2
(
0, T ;D(A 14 )= H 12 (Ω)), (1.5d)00
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D(A 54 )= {f ∈ H 52 (Ω): f |Γ = 0, f ∈ H 1200(Ω)}; (1.5e)
(iii) for n = dimΩ = 1,⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩
w ∈ C([0, T ];D(A 32 )); (1.6a)
wt ∈ C
([0, T ];D(A)); (1.6b)
θ ∈ C([0, T ];D(A)); (1.6c)
wtt ∈ L2
(
0, T ;D(A 12 )= H 10 (Ω)), (1.6d)
where
D(A 32 )= {f ∈ H 3(Ω): f |Γ = f |Γ = 0}. (1.6e)
Remark 1.1. Theorem 1.1 shows, consistently, a gain of “ 14 in fractional power of A,” while
decreasing the dimension from n = 3 to n = 2 to n = 1.
Literature. The present paper is a successor to [13], where sharp (optimal) regularity results are
given for a thermoelastic system [(1.1a–b) with u ≡ 0] under the action of a boundary control u,
either in the hinged case (u|Σ = u) or else in the clamped case ( ∂w∂ν |Σ = u). By contrast, the
earlier paper [12] provided sharp (optimal) regularity results for the Kirchhoff equation, under
the action of an interior point control, for dim Ω = 1,2,3. See also [7, Chapter 9, Section 9.8.3,
Theorem 9.8.3.1, p. 855]. We recall [12, Remark 2.1, p. 400] that if one studies the regularity
of the Kirchhoff equation under the action of an interior point control by using that, by Sobolev
embedding, δ ∈ [Hα(Ω)] where α = 32 +  for n = 3; α = 1 +  for n = 2; α = 12 +  for
n = 1, then one would obtain a regularity result for, say, the displacement w which is lower by
“
1
4 + ” in space regularity, measured in fractional powers of A (essentially, 12 + 2 measured in
Sobolev space order) than those of [12, Theorem 2.1], which are recalled in Step 1 of Section 2
below. Here, we shall combine the technique of [13] with the results of [12]. The technique of
reducing the original coupled problem to two uncoupled problems as used here in Section 2, was
previously used in [1] (for a different system, however, of two hyperbolic PDE’s, such as it arises
in the context of the structural acoustic problem). Besides being of interest in itself, the problem
here investigated arises in the context of the structural acoustic problem, when the moving wall of
the elastic chamber is modeled by a thermoelastic plate, subject to the action of the derivative δ′
of the Dirac function [7, Section 9.10, p. 884]. See Remark 1.3 below.
Remark 1.2. A comparison with the sharp regularity results of the Kirchhoff equation alone in
[12], [7, Section 9.8.3] (Eq. (1.1a) without the thermal term θ )—which, in fact, are recalled
and used in Step 1 of Section 2, Eq. (2.2a–c)—shows that:
(a) the regularity of the mechanical variable is the same [we notice that the operator A in this
paper corresponds to the operator A 12 in these references];
(b) the regularity of the thermal variable is better than that given by the third component of the
space Yγ in (1.10) of semigroup generation for u ≡ 0, and, of course, progressively better by
“
1
4 in fractional power of A,” as n = 3,2,1 decreases.
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problem when the moving wall of the acoustic chamber is modeled by a thermoelastic plate sub-
ject to the action of piezo-ceramic actuators [9, Eq. (1.1a–d), p. 328]. Then, as remarked in [7,
Chapter 9, Remark 9.8.3.3, p. 857], the regularity of the mechanical variable ψ of the Kirch-
hoff equation (2.1) below is, accordingly, one unit less in Sobolev space regularity. For a two-
dimensional acoustic chamber, the moving wall subject to the action of δ′ is one-dimensional:
n = 1. The corresponding regularity results are given in Section 3: they are the same as those of
problem (1.1) with δ in the case of n = 3.
Preliminaries. The thermoelastic boundary homogeneous problem in (1.1) may be rewritten
abstractly, via (1.2), first as{
(I + γA)wtt +A2w −Aθ = δu; (1.7a)
θt +Aθ +Awt = 0, (1.7b)
and then as the first-order equation
y˙ = −Aγ y +Bγ u, y(0) = y0 = [w0,w1, θ0] ∈ Yγ ;
y(t) = [w(t),wt (t), θ(t)]; (1.8)
−Aγ =
⎡
⎣ 0 I 0−A−1γ A2 0 A−1γ A
0 −A −A
⎤
⎦ ; Bγ u =
⎡
⎣ 0A−1γ δu
0
⎤
⎦ ;
D(Aγ ) =D
(A 32 )×D(A) ×D(A); (1.9)
Yγ ≡D(A) ×D
(A 12γ )×L2(Ω); Aγ = (I + γA);
(x1, x2)
D(A
1
2
γ )
= ((I + γA)x1, x2)L2(Ω), (1.10)
see also [8, Section 1.2] for a more general abstract model. Surely, D(A 12 ) = D(A
1
2
γ ). The op-
erator −Aγ is boundedly invertible with inverse that can be computed explicitly (we shall not
need it, however). Below, in Section 2, Eq. (2.16b), we shall also need the following domain of
fractional power of Aγ , obtained by interpolating between (1.9) and (1.10):
D(A 12γ )≡D(A 54 )×D(A 34 )×D(A 12 ). (1.11)
Via the Lumer–Phillips theorem, or a corollary thereof [10, pp. 14–15], one may readily show
the following well-known result even for far more general abstract models [8].
Proposition 1.2. The operator −Aγ in (1.9) is the infinitesimal generator of an s.c. semigroup of
contractions e−Aγ t on the space Yγ defined by (1.10). Accordingly, e−Aγ t restricts to an s.c. con-
traction semigroup also on the spaces D(Aγ ) and D(A
1
2
γ ).
We conclude by citing a standard regularity result for the self-adjoint, analytic semigroup
e−At , to be invoked repeatedly in the sequel [7, Proposition 0.1, p. 4]: We have that the map
f →
t∫
e−A(t−τ)f (τ ) dτ : continuous,0
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(
0, T ;L2(Ω)
)→ L2(0, T ;D(A))∩ C([0, T ];D(A 12 )); (1.12)
Lp
(
0, T ;L2(Ω)
)→ Lp(0, T ;D(A)) for all 1 <p < ∞; (1.13)
L∞
(
0, T ;L2(Ω)
)→ C([0, T ];D(A1−)) for all 0 <   1
2
. (1.14)
In (1.12), the case p = 2 is shown by Laplace transform [5, Appendix]; the case 1 < p < ∞
in (1.13) is much harder [2], [3, p. 112]. Finally, (1.14) follows by convolution of an L1-function
A1−e−At with an L∞-function f [11, pp. 26, 29].
Duality result. The Yγ -dual A∗γ of the operator Aγ in (1.9) is
−A∗γ =
[ 0 −I 0
A−1γ A2 0 −A−1γ A
0 A −A
]
; D(A∗γ )=D(Aγ ), (1.15)
which generates the s.c. contraction semigroup e−A
∗
γ t on Yγ . Its correspondent evolution is as
follows:[
φ(t;y0),−φt (t;y0), η(t;y0)
]≡ e−A∗γ t [φ0, φ1, η0] ∈ C([0, T ];Yγ ),
y0 = [φ0, φ1, η0], (1.16)
is the solution of the following thermoelastic (dual) problem⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩
φtt − γφtt + 2φ + η = 0 in Q; (1.17a)
ηt − η − φt = 0 in Q; (1.17b)
φ(0, ·) = φ0; −φt (0, ·) = φ1; η(0, ·) = η0 in Ω; (1.17c)
φ|Σ ≡ 0; φ|Σ ≡ 0; η|Σ ≡ 0 in Σ. (1.17d)
We can now state the duality result corresponding to Theorem 1.1.
Theorem 1.3. Let {φ(t, x; y¯0),φt (t, x; y¯0), η(t, x; y¯0)} be the solution of the dual problem
(1.17a–d), at time t and position x ∈ Ω , due to the initial condition y¯0 = [φ0, φ1, η0]. Then
we have the following regularity,
φt (t, x = 0; y¯0) ∈ L2(0, T ) (1.18)
continuously in y¯0, for the point observation of φt (t, x; y¯0) at x = 0, where
(i) for n = dimΩ = 3,
y¯0 = {φ0, φ1, η0} ∈ Yγ =D(A) ×D
(A 12 )×L2(Ω); (1.19a)
D(A) = H 2(Ω) ∩ H 10 (Ω), D
(A 12 )= H 10 (Ω); (1.19b)
(ii) for n = dimΩ = 2,
y¯0 = {φ0, φ1, η0} ∈
[D(A 12γ )]′ =D(A 34 )×D(A 14 )× [D(A 12 )]′; (1.20a)
D(A 34 )= H 320 (Ω) = H 3(Ω) ∩ H 10 (Ω); D(A 14 )= H 1200(Ω);[D(A 12 )]′ = H−1(Ω); (1.20b)
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y¯0 = {φ0, φ1, η0} ∈
[D(Aγ )]′ =D(A 12 )× L2(Ω) × [D(A)]′, (1.21)
where [D(A
1
2
γ )]′ = [D((A∗γ )
1
2 )]′ and [D(Aγ )]′ = [D(A∗γ )]′ denote duality with respect to Yγ as
a pivot space, while [D(A 12 )]′, [D(A)]′ denote duality with respect to L2(Ω) as a pivot space.
2. Proof of Theorem 1.1
Step 1. We consider the uncoupled Kirchhoff problem corresponding to (1.1) with zero I.C.:⎧⎪⎨
⎪⎩
ψtt − γψtt + 2ψ = δu in (0, T ] × Ω ≡ Q; (2.1a)
ψ(0, ·) = 0, ψt (0, ·) = 0 in Ω; (2.1b)
ψ |Σ ≡ 0; ψ |Σ ≡ 0 in (0, T ] × Γ ≡ Σ. (2.1c)
Regarding the sharp (optimal) regularity of problem (2.1), we then invoke [12, Theorem 2.1,
p. 400], [7, Theorem 9.8.3.1, p. 855] (with A 12 here replaced by A in these references), and
obtain that for u ∈ L2(0, T ) as in (1.2), then, continuously:
(i) for n = dimΩ = 3,⎧⎪⎨
⎪⎩
ψ ∈ C([0, T ];D(A) ≡ H 2(Ω) ∩ H 10 (Ω)); (2.2a)
ψt ∈ C
([0, T ];D(A 12 )= H 10 (Ω)); (2.2b)
ψtt ∈ L2
(
0, T ;L2(Ω)
); (2.2c)
(ii) for n = dimΩ = 2 (recall (1.5e)),⎧⎪⎪⎪⎨
⎪⎪⎪⎩
ψ ∈ C([0, T ];D(A 54 )); (2.3a)
ψt ∈ C
([0, T ];D(A 34 )= H 320 (Ω)); (2.3b)
ψtt ∈ L2
(
0, T ;D(A 14 )≡ H 1200(Ω)); (2.3c)
(iii) for n = dimΩ = 1 (recall (1.6e)),⎧⎪⎪⎨
⎪⎪⎩
ψ ∈ C([0, T ];D(A 32 )); (2.4a)
ψt ∈ C
([0, T ];D(A) ≡ H 2(Ω) ∩ H 10 (Ω)); (2.4b)
ψtt ∈ L2
(
0, T ;D(A 12 )= H 10 (Ω)). (2.4c)
Step 2. With ψt provided by problem (2.1), and hence satisfying (2.2b) (n = 3); (2.3b) (n = 2);
and (2.4b) (n = 1), we next consider the uncoupled heat problem corresponding to (1.1) with
zero I.C.:⎧⎪⎨
⎪⎩
ht − h− ψt ≡ 0 in Q; (2.5a)
h(0, ·) = 0 in Ω; or ht = −Ah −Aψt . (2.5b)
h|Σ ≡ 0 in Σ; (2.5c)
Its abstract solution is
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t∫
0
e−A(t−τ)Aψt(τ ) dτ = −
t∫
0
d(e−A(t−τ))
dτ
ψt (τ ) dτ (2.6)
= −ψt(t) + e−At

ψt(0) +
t∫
0
e−A(t−τ)ψtt (τ ) dτ, (2.7)
after integration by parts on (2.6), where ψt(0) = 0 by (2.1b). With the further piece of infor-
mation that ψtt ∈ L2(0, T ;X), X ≡ L2(Ω) (n = 3); X =D(A 14 ) (n = 2); X =D(A 12 ) (n = 1),
see (2.2c), (2.3c), (2.4c), the regularity result (1.12) for the analytic, self-adjoint, s.c. semigroup
e−At gives
t∫
0
e−A(t−τ)ψtt (τ ) dτ ∈
⎧⎪⎪⎨
⎪⎪⎩
C([0, T ];D(A 12 )) ∩ L2(0, T ;D(A)), n = 3; (2.8a)
C([0, T ];D(A 34 )) ∩ L2(0, T ;D(A 54 )), n = 2; (2.8b)
C([0, T ];D(A)) ∩ L2(0, T ;D(A 32 )), n = 1. (2.8c)
Hence, by (2.18) and (2.2b), (2.3b), (2.4b) for ψt , we obtain from (2.7)
h(t) = −ψt(t) +
t∫
0
e−A(t−τ)ψtt (τ ) dτ ∈
⎧⎪⎪⎨
⎪⎪⎩
C([0, T ];D(A 12 )), n = 3; (2.9a)
C([0, T ];D(A 34 )), n = 2; (2.9b)
C([0, T ];D(A)), n = 1. (2.9c)
Remark 2.1. It is interesting to notice that the standard regularity result (1.12), as well as (1.14),
for the self-adjoint, analytic s.c. semigroup e−At , with
A 12 ψt ∈
⎧⎪⎪⎨
⎪⎪⎩
C([0, T ];L2(Ω)), for n = 3, by (2.2b); (2.10a)
C([0, T ];D(A 14 )), for n = 2, by (2.3b); (2.10b)
C([0, T ];D(A 12 )), for n = 1, by (2.4b), (2.10c)
would only give, with 1 <p < ∞ and  > 0 arbitrary,
h(t) = −
t∫
0
A 12 e−A(t−τ)A 12 ψt(τ ) dτ
∈
⎧⎪⎪⎨
⎪⎪⎩
C([0, T ];D(A 12 −)) ∩ Lp(0, T ;D(A 12 )), n = 3; (2.11a)
C([0, T ];D(A 34 −)) ∩ Lp(0, T ;D(A 34 )), n = 2; (2.11b)
C([0, T ];D(A1−)) ∩ Lp(0, T ;D(A)), n = 1, (2.11c)
if we focus on the expression of h(t) given by Eq. (2.6)(left), a weaker regularity result than (2.9).
Step 3. Setting new variables
z ≡ w − ψ; q = θ − h, (2.12)
we readily find from (1.1), (2.1), (2.5) that {z, q} solves the following thermoelastic problem
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⎪⎪⎪⎪⎩
ztt − γztt + 2z + q = −h in Q; (2.13a)
qt − q − zt = 0 in Q; (2.13b)
z(0, ·) = 0; zt (0, ·) = 0; q(0, ·) = 0 in Ω; (2.13c)
z|Σ ≡ 0; z|Σ ≡ 0; q|Σ ≡ 0 in Σ, (2.13d)
with the term −h =Ah known via problem (2.5). Problem (2.13) in {z, q} is exactly the same
as the original problem (1.1) in {w,θ}, except that the point control term δu in (1.1a) is replaced
by the distributed input term −h on the right-hand side of (2.13a). Thus, problem (2.13) is
easier to handle than the original problem (1.1). Its abstract version with zero Initial Conditions
z(0, ·) = zt (0, ·) = q(0, ·) = 0 is{
(I + γA)ztt +A2z −Aq =Ah;
qt +Aq +Azt = 0,
or
d
dt
[
z
zt
q
]
= −Aγ
[
z
zt
q
]
+
[ 0
(I + γA)−1Ah
0
]
, (2.14)
recalling the operator −Aγ in (1.9). Thus, the solution {z, zt , q} of (2.14) is
[
z(t)
zt (t)
q(t)
]
=
t∫
0
e−Aγ (t−τ)
[ 0
(I + γA)−1Ah(τ)
0
]
dτ, (2.15)
∈
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
C
(
[0, T ];Yγ =
[ D(A)
D(A
1
2
γ )
L2(Ω)
])
, n = 3; (2.16a)
C
(
[0, T ];D(A 12γ )=
[D(A 54 )
D(A 34 )
D(A 12 )
])
, n = 2; (2.16b)
C
(
[0, T ];D(Aγ ) =
[D(A 32 )
D(A)
D(A)
])
, n = 1, (2.16c)
see (1.9) for D(Aγ ), (1.10) for Yγ , (1.11) for D(A
1
2
γ ). The indicated regularity in (2.16) follows
by convolution, since e−Aγ t is an s.c. (contraction) semigroup on Yγ =D(A)×D(A
1
2
γ )×L2(Ω),
as well as on D(A
1
2
γ ) and D(Aγ ) given by (1.11) and (1.9), respectively, while the (critical)
second coordinate term satisfies by (2.9):
(I + γA)−1Ah ∈
⎧⎪⎪⎨
⎪⎪⎩
C([0, T ];D(A 12 )), n = 3; (2.17a)
C([0, T ];D(A 34 )), n = 2; (2.17b)
C([0, T ];D(A)), n = 1. (2.17c)
Hence
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(I + γA)−1Ah
0
]
∈
⎧⎪⎪⎨
⎪⎪⎩
C([0, T ];Yγ ), n = 3; (2.17′a)
C([0, T ];D(A
1
2
γ )), n = 2; (2.17′b)
C([0, T ];D(Aγ )), n = 1. (2.17′c)
Step 4. We now boost the regularity of q in (2.16) to
q ∈
⎧⎪⎨
⎪⎩
C([0, T ];D(A 12 )), n = 3; (2.18a)
C([0, T ];D(A 34 )), n = 2; (2.18b)
C([0, T ];D(A)), n = 1. (2.18c)
[Actually, for n = 1 we re-find (2.16c).] Indeed, the z-equation in (2.14)(left) yields
ztt = −
[
(I + γA)−1A]Az + [(I + γA)−1A]q + [(I + γA)−1A]h. (2.19)
Thus, by (2.16) on z and q , and by (2.17) on h, we obtain via (2.19)
ztt ∈
⎧⎪⎨
⎪⎩
C([0, T ];L2(Ω)), n = 3; (2.20a)
C([0, T ];D(A 14 )), n = 2; (2.20b)
C([0, T ];D(A 12 )), n = 1, (2.20c)
where it is the regularity of Az that dictates conclusions (2.20a–c) over that of q and h. Hence
the q-equation in (2.14)(left) with zero I.C. yields
q(t) = −
t∫
0
e−A(t−τ)Azt (τ ) dτ = −
t∫
0
d(e−A(t−τ))
dτ
zt (τ ) dτ (2.21)
= −zt (t) + e−At

zt (0) +
t∫
0
e−A(t−τ)ztt (τ ) dτ, (2.22)
with zt (0) = 0 by (2.13c). By the standard regularity result (1.14) for the self-adjoint analytic
semigroup e−At , and by (2.20), we obtain for  > 0 arbitrary:
t∫
0
e−A(t−τ)ztt (τ ) dτ ∈
⎧⎪⎨
⎪⎩
C([0, T ];D(A1−)), n = 3; (2.23a)
C([0, T ];D(A 54 −)), n = 2; (2.23b)
C([0, T ];D(A 32 −)), n = 1. (2.23c)
Thus, (2.16) on zt and (2.23) yield (2.18) via (2.22), as desired: here it is the lower regularity
zt ∈ C([0, T ];X), X =D(A
1
2
γ ) =D(A 12 ) (n = 3), X =D(A 34 ) (n = 2), X =D(A) (n = 1), from
(2.16a), (2.16b), (2.16c), respectively, over that of the integral term in (2.23a–c) that dictates the
final regularity (2.18a–c) of q in (2.22).
Remark 2.2. We also notice that if in (2.23) we had invoked on ztt in (2.20a–c) (at a loss from
C([0, T ]; ·) to L2(0, T ; ·)) the regularity result (1.12) instead of the regularity result (1.14), we
would have obtained for the integral term in (2.23) the same regularity as that of zt in (2.16a–c),
therefore ultimately arriving at the same conclusion (2.18a–c) for q . By contrast, (2.16) on zt ,
used in the integral term of (2.21)(left), yields, again via (1.14), a lower regularity for q , namely
C([0, T ];X) with X = D(A 12 −) (n = 3); X = D(A 34 −) (n = 2); and X = D(A1−) (n = 1),
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as the one observed in Remark 2.1.
Step 5. We return to the original variables {w,wt , θ} via (2.12), and obtain by virtue of (2.16)
on {z, zt }; (2.2a–b), (2.3a–b), (2.4a–b) on {ψ,ψt }; as well as (2.9) on h and (2.18) on q:
[
w
wt
θ
]
=
[
z
zt
q
]
+
[
ψ
ψt
h
]
∈
⎧⎪⎨
⎪⎩
C([0, T ];D(A)), (2.24a)
C([0, T ];D(A 12 )), n = 3; (2.24b)
C([0, T ];D(A 12 )), (2.24c)
∈
⎧⎪⎨
⎪⎩
C([0, T ];D(A 54 )), (2.25a)
C([0, T ];D(A 34 )), n = 2; (2.25b)
C([0, T ];D(A 34 )), (2.25c)
∈
⎧⎪⎨
⎪⎩
C([0, T ];D(A 32 )), (2.26a)
C([0, T ];D(A)), n = 1. (2.26b)
C([0, T ];D(A)). (2.26c)
Thus, Eqs. (2.24a–c), (2.25a–c), (2.26a–c) prove the desired results (1.4a–c), (1.5a–c),
(1.6a–c), respectively, for {w,wt , θ}.
Step 6. It remains to prove (1.4d), (1.5d), (1.6d) for wtt . To this end, we rewrite Eq. (1.1a)
abstractly via (1.7) and (1.10) as
wtt = −A−1γ A2w +A−1γ Aθ +A−1γ δu. (2.27)
By Sobolev embedding, we have
δ ∈ [Hα(Ω)]′ ⊂ [D(A α2 )]′, or A− α2 δ ∈ L2(Ω), (2.28)
where α = 32 +  for n = 3; α = 1 +  for n = 2; α = 12 +  for n = 1,  > 0. Thus
A− 34 − 2 δu ∈ L2
(
0, T ;L2(Ω)
)
, n = 3; (2.29a)
A− 12 − 2 δu ∈ L2
(
0, T ;L2(Ω)
)
, n = 2; (2.29b)
A− 14 − 2 δu ∈ L2
(
0, T ;L2(Ω)
)
, n = 1. (2.29c)
Then (2.29a–c) for δu, along with (2.24a), (2.25a), (2.26a) for w, and (2.24c), (2.25c), (2.26c)
for θ show (1.4d), (1.5d), (1.6d) for wtt , respectively, via (2.27) and (1.3) on u. Theorem 1.1 is
proved.
3. Dual results. Proof of Theorem 1.3
We prove Theorem 1.3. Let w0 = w1 = θ0 = 0 in (1.1) A-fortiori from Theorem 1.1, via the
definition of Yγ ,D(A
1
2
γ ),D(Aγ ) in (1.10), (1.11), and (1.9), respectively, the following regularity
property holds true for the dynamics (1.8), that is, (1.1):
[
w(T )
wt (T )
θ(T )
]
≡ LT u =
T∫
0
e−Aγ (T−t)Bγ u(t) dt :L2(0, T ) →
⎧⎪⎨
⎪⎩
Yγ , n = 3; (3.1a)
D(A
1
2
γ ), n = 2; (3.1b)
D(Aγ ), n = 1, (3.1c)
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Theorem 1.1 for the thermal variable θ(T ).] Next, recalling (1.20a) and (1.21), set
y¯0 =
[
φ0
φ1
η0
]
∈
⎧⎪⎪⎪⎨
⎪⎪⎪⎩
Yγ =D(A) ×D(A 12 ) ×L2(Ω); (3.2a)
[D((A∗γ )
1
2 )]′ =D(A 34 ) ×D(A 14 ) × [D(A 12 )]′; (3.2b)
[D(A∗γ )]′ =D(A
1
2 ) × L2(Ω) × [D(A)]′, (3.2c)
where [D((A∗γ )
1
2 )]′, [D(A∗γ )]′ denote duality with respect to Yγ as a pivot space, while [D(A
1
2 )]′,
[D(A)]′ denote duality with respect to L2(Ω) as a pivot space as noted below (1.21). The
characterizations of the two dual spaces given in (3.2a–c) are obtained from (1.11) and (1.9),
respectively, via Yγ in (1.10). Then, recalling the operator Bγ in (1.8), (1.19), as well as (1.16),
we compute the following well-defined duality pairing, via (3.1), (3.2):
([
w(T )
wt (T )
θ(T )
]
,
[
φ0
φ1
η0
])
Yγ
= (LT u, y¯0)Yγ =
⎛
⎝ T∫
0
e−Aγ (T−t)
[ 0
A−1γ δu(t)
0
]
dt, y¯0
⎞
⎠
Yγ
(3.3)
=
T∫
0
([ 0
A−1γ δu(t)
0
]
, eA
∗
γ (T−t)y¯0
)
Yγ
dt (3.4)
(
by (1.16)
) =
T∫
0
([ 0
A−1γ δu(t)
0
]
,
[
φ(T − t; ·; y¯0)
−φt (T − t; ·; y¯0)
θ(T − t; ·; y¯0)
])
Yγ
dt (3.5)
(
by (1.10)
) = −
T∫
0
u(t)
(
δ,φt (T − t, ·; y¯0)
)
L2(Ω)
dt
= −
T∫
0
u(t)φt (T − t,0; y¯0) dt, (3.6)
where · denotes space variable. Then, (3.5) shows via (1.3) that
φt (t, x = 0; y¯0) ∈ L2(0, T ), (3.7)
as desired, and Theorem 1.3 is proved.
4. The case δ replaced by δ′ in (1.1a), n = 1
As noted in Remark 1.3, the present case arises in the structural acoustic problem with a
2-dimensional acoustic chamber, where one flat wall is modeled by a 1-dimensional thermoelas-
tic beam, subject to the action of a piezo-ceramic actuator (control). See, e.g., [9, Eq. (1.1a–d),
p. 328]. (Also, replace the elastic wall in the structural acoustic model in [7, Section 9.10.1,
p. 884] with a corresponding thermoelastic wall, which accounts also for thermal effects.) In this
section, with Ω being 1-dimensional, n = 1, we consider the thermoelastic mixed problem:
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⎪⎪⎩
wtt − γwtt + 2w + θ = δ′u in Q; (4.1a)
θt − θ − wt = 0 in Q; (4.1b)
w|Σ ≡ 0; w|Σ ≡ 0; θ |Σ ≡ 0 on Σ, (4.1c)
and zero I.C. {w0,w1, θ0} = 0; that is, problem (1.1a–d), with δ replaced by its distributional
derivative δ′.
Theorem 4.1. With reference to problem (4.1) with γ > 0 and n = 1 and zero I.C., let u ∈
L2(0, T ) as in (1.3). Then, continuously,⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩
w ∈ C([0, T ];D(A) = H 2(Ω) ∩ H 10 (Ω)); (4.2a)
wt ∈ C
([0, T ];D(A 12 )= H 10 (Ω)); (4.2b)
θ ∈ C([0, T ];D(A 12 )); (4.2c)
wtt ∈ L2
(
0, T ;L2(Ω)
)
. (4.2d)
Remark 4.1. The regularity (4.2a–d) for problem (3.1a–c) with δ′ for n = 1 is exactly the same
as the regularity (1.4a–d) for problem (1.1a–d) with δ for n = 3.
Proof. Step 1. Instead of problem (2.1a–c) with δ, we consider its corresponding version with δ′:
ψtt − γψtt + 2ψ = δ′u in Q; ψ |Σ = ψ |Σ = 0 in Σ, (4.3)
and zero I.C. {ψ0,ψ1} = 0. For the regularity of problem (3.3), we invoke [7, Theorem 9.10.3.1,
p. 892]. We then obtain (with dim Ω = 1) that, for u ∈ L2(0, T ), continuously⎧⎪⎪⎨
⎪⎪⎩
ψ ∈ C([0, T ];D(A)); (4.4a)
ψt ∈ C
([0, T ];D(A 12 )); (4.4b)
ψtt ∈ C
([0, T ];L2(Ω)). (4.4c)
[The above is precisely the regularity (2.2a–c) of problem (2.1a–c) with δ rather than δ′, for
n = 3. This is critical for the rest of the proof.]
Step 2. Next, we consider the same h-problem (2.5a–c) driven by ψt as given by (4.4b) [same
as (2.2b) for problem (2.1a–c) for n = 3]. Thus, we obtain (2.9a) [case n = 3]:
h ∈ C([0, T ];D(A 12 )); (I + γA)−1Ah ∈ C([0, T ];D(A 12 )). (4.5)
Step 3. Setting the same new variables z ≡ w −ψ , q = θ −h, as in (2.12), we find likewise in
the present case where {w,θ} solve (4.1a–c) and ψ solves (4.3), that {z, q} solve again problem
(2.13a–c). Because of the regularity of (I +γA)−1Ah obtained in (4.5) [same as in (2.17a), case
n = 3], we find that the regularity (2.17′a) holds true for the present case, and hence,
[
z
zt
q
]
∈ C
⎛
⎜⎝[0, T ]; Yγ =
⎡
⎢⎣
⎤
⎥⎦
⎞
⎟⎠
D(A) (4.6a)
D(A 12 ) (4.6b)
L2(Ω) (4.6c)
[same as (2.16a), case n = 3, for problem (1.1a–d)].
Step 4. We now boost the regularity of q in (4.6c) to
q ∈ C([0, T ];D(A 12 )) (4.7)
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h is given by (3.5) and {z, q} are given by (4.6a), (4.6c), we have ztt ∈ C([0, T ];L2(Ω)) [same
as (2.20a), case n = 3, for problem (1.1a–d)]. Hence, identity (2.22), where zt is given by (4.6b)
and the integral term by (2.23a) (case n = 3), yields (4.7) for q .
Step 5. By (4.4a–c) and (4.6a–c), we re-obtain, via (2.24a–b) [case n = 3], the regularity
(4.2a–b) for {w,wt }, as desired. To prove (4.2c) for θ , we use (4.7) for q and (4.5) for h in
(2.24c). Thus, (4.2a–c) are proved, as desired.
Step 6. The abstract version of problem (4.1a–c) is now
wtt = −
[A−1γ A]Aw +A−1γ Aθ +A−1γ δ′u (4.8)
[counterpart of (2.27)]. Now, for n = 1, we have
δ′ ∈ [Hα(Ω)]′ ⊂ [D(A α2 )]′, or A− α2 δ′ ∈ L2(Ω), (4.9)
for α = 32 +  [counterpart of (2.28)]. Thus, using in (4.8): Aw ∈ C([0, T ];L2(Ω)) by (4.2a);(4.2c) for θ ; and
A−1γ δ′u =A−
1
4 + 2
γ A
− 34 − 2
γ δ
′u ∈ L2
(
0, T ;D(A 14 −)),
by (4.9) and (1.3) on u, we then obtain (4.2d), as desired. The proof of Theorem 4.1 is com-
plete. 
The dual result (replace δ with δ′ in (3.3), (3.4) with y0 as in the case n = 3) to get
Theorem 4.2. Consider problem (4.17a–d) for n = 1 and y0 = [φ0, φ1, η0] ∈ Yγ . Then, continu-
ously
φtx(t;x = 0;y0) ∈ L2(0, T ). (4.10)
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